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Abstract: In 2024, the Computational Discrete Global Geometric Structures Laboratory launched a touring
art exhibition covering numerous universities and research institutions across China. The exhibition focuses on
cutting-edge geometric topology theories and concepts, with a particular emphasis on various global geometric
structures. Leveraging images and videos generated by new computer algorithms, original code, and computer
graphics rendering technology, the national touring art exhibition transforms abstract intrinsic geometric
structures into intuitive visual presentations, which are displayed in the form of large-scale posters. The
innovation of the exhibition content lies in its embodiment of intrinsic global geometric topology concepts
developed by mathematicians over the past few decades.To date, the traveling exhibition has been held at more
than ten universities and is still ongoing. The entire tour is expected to span ten years and cover 100 universities.
Through this innovative art exhibition format, teachers and students from different majors at universities across
China have gained a direct understanding of geometric topology concepts that they rarely encountered before,
stimulating their research interest and laying a foundation for in-depth exploration of cutting-edge geometric
topology theories and their applications. Furthermore, it paves the way for interdisciplinary integration in various
science and engineering disciplines—such as mechanics, mechanical engineering, computer science, physics, and
materials science—through the application of cutting-edge geometric topology theories. This national traveling
art exhibition has also pioneered a brand-new genre in the art field: "Global Geometric Structure Geometric

Topology Art."
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(Figure 1: Harmonic foliation, generated by Hui Zhao with the software Geometric .)
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1 Overview

Mathematicians use abstraction as a tool to break free from the constraints of physical conditions such
as external equipment and experiments; their only limitations are time and energy. Unburdened by such
constraints, they can explore broader fields and construct new mathematical structures that are not

restricted by external conditions.

As a powerful tool, abstraction has two sides. However, precisely because of its abstract nature, the
new achievements, new worlds explored, and new structures built by mathematicians are often difficult for
people who are accustomed to relying on concrete examples for reference to understand and appreciate

easily.

Vision is the primary channel through which humans receive information. Transforming abstract
mathematical concepts into visual forms can greatly facilitate the rapid understanding and experience of
new fields pioneered by mathematicians, and accelerate the diffusion of new structures developed by

mathematicians into the field of engineering technology.

In the past, mathematicians hand-drew a large number of sketches to illustrate the geometric topology
concepts they studied. However, hand-drawn sketches cannot fully demonstrate these concepts from
various perspectives in depth. We use computer graphics rendering technology to create a comprehensive
exhibition featuring 3D space and photorealistic rendering, which enhances the visual immersion and thus

elevates the presentation to an artistic level.

To advance geometric topology concepts from hand-drawn sketches to computer visualization, it is
first necessary to perform numerical calculations on relevant geometric concepts through algorithm design.
With the development of computer science, research in this field has become increasingly mature in recent
years; more and more geometric topology structures that were once difficult to quantify can now be

captured by algorithms, as shown in Figure 1 (Harmonic Foliations).

Just as mathematical structures such as Fourier transforms—proposed by mathematicians hundreds of
years ago — gradually permeated the field of engineering technology through computation; the
mathematical theories from Newton’ s era are now widely and maturely applied in today’ s engineering
technology. In contrast, the new geometric theories developed by the mathematics community in recent

decades are still in the historical process of diffusing into application fields.

Based on our 30 years of accumulated work in algorithms, rendering, and applications, and with the

strong support of teachers and students from multiple universities, we have held the "National Touring Art

Exhibition of computational discrete Global Geometric Structures" at more than ten universities and

research institutions since 2024. The exhibition focuses on showcasing some of the global geometric
structures we have studied, and is still ongoing. It has aroused strong interest among visiting teachers and
students in cutting-edge geometric topology theories, computer graphics rendering, algorithm design, and

industrial technology applications.

Different from common activities themed around "the beauty of mathematics" or "the beauty of
geometry," the innovation of this national traveling art exhibition mainly lies in being the first in the world
to present the concept of "intrinsic global geometric structures" using computer graphics rendering

technology.


https://mp.weixin.qq.com/s/baEmmlYqLpqZPFLdoVaNDw
https://mp.weixin.qq.com/s/baEmmlYqLpqZPFLdoVaNDw

(Figure 2: On-site photo of the exhibition at the School of Mathematics, Taiyuan University of

Technology.)



2 The Content of the Exhibition

In previous research, to learn, understand, master, explore, and apply geometric topology concepts—while
also designing related algorithms—we rendered tens of thousands of images with various rendering effects.
Through repeated comparison of these images, we gradually gained insight into the in-depth meanings of
relevant geometric topology concepts and theories.

The primary purpose of creating images via computers is to design computer algorithms for solving
related industrial and technical problems, particularly mesh-related technologies. Through meticulous
rendering, abstract mathematical concepts can be easily understood, which in turn enables the solution of
technical challenges that cannot be addressed using common mathematical tools.

From these images, the national traveling art exhibition selected more than 50 representative works,
all focusing on global geometric structures and their applications. These works collectively present the
algorithmic visualization research results of cutting-edge geometric topology theories and concepts, and
vividly demonstrate some geometric structures on 2D curved surfaces in particular.

The geometric topology categories covered in these images include the following:
(1) Ribbon-Graph

(2) Square-Tiling

(3) Non-harmonic Foliations

(4) Harmonic Foliations

(5) Harmonic Foliations with Poles

(6) Non-harmonic Foliations with Poles

(7) Harmonic Foliations on Surfaces with Boundaries
(8) Holomorphic Quadratic Differentials

(9) Meromorphic Quadratic Differentials

(10) Differential 1-Forms

(11) Holomorphic 1-Forms

(12) Discrete Calabi Flow

(13) Normal Flow

(14) Parameterization Applications

(15) Mesh Generation Applications

(16) Etc.

Since the meanings of the aforementioned mathematical concepts and theories are rarely encountered
in daily study or work, it is difficult to quickly understand them directly from the literal meaning of their
mathematical definitions. Therefore, the national traveling art exhibition we proposed uses visual means to
allow audiences to gain an intuitive perception of these abstract concepts at first glance. A selection of
representative images from the exhibition is presented below; for more images, please refer to the
appendix.



(Figure 3: Ribbon graph, generated by our software Geometric..)

(Figure 4: Non-harmonic foliation, generated by our software Geometric.)



(Figure 4: Holomophic quandratic differential, generated by our software Geometric.)

(Figure 5: Square-tiling, generated by our software Geometric.)



(Figure 6: Left is harmonic foliation with 2 poles, right is their corresponding meromorphic
holomophic quadratic differentials, generated by our software Geometric.)

(Figure 8: Vector field, generated by our software Geometric. )



(Figure 9: Super structured quad mesh, generated by our software Geometric.)

(Figure 10: Parameterization by unit normal flow, generated by our software Geometric.)



(a) (b) (c)

(Figure 12: A harmonic foliation with a pole, generated by our software Geometric..)
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(Figure 13: A holomophic quadratic differential with a pole, generated by our software Geometric..)

(Figure 14: A non-harmonic foliation, generated by our software Geometric..)
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(Figure 15: A non-harmonic foliation on a surface with boudaries, generated by our software
Geometric.)

(Figure 16: An application of one form, generated by our software Geometric.)
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(Figure 17: Parameterization by discrete Calabi flow, generated by our software Geometric.)

(Figure 18: Several foliations and square tiling, generated by our software Geometric.)
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(Figure 19: Foliations and holomophic quadratic differentials, generated by our software Geometric.)

(Figure 20: A non-harmonic foliation , generated by our software Geometric.)
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3 Concepts of Geometry and Topology

Although the images exhibited in the national traveling art exhibition only cover about a dozen geometric
topology concepts, each concept is linked to ten new geometric topology concepts behind it—and each of
these ten concepts further derives ten related concepts. Through such hierarchical extension, one will soon
encounter hundreds or even thousands of mathematical concepts rarely encountered in daily life. In fact,
only by thoroughly understanding these supporting indirect concepts can one truly comprehend the dozen
or so directly presented concepts at the outermost layer.

Therefore, through the partial concepts presented in this exhibition, the audience can not only learn
about the concepts themselves but also gradually delve deeper to understand other related concepts behind
them, such as the following:

(1) Moduli Spaces

(2) Teichmiiller Spaces

(3) Dynamical Systems on Surfaces

(4) Ribbon-Graphs

(5) Harmonic Foliations

(6) Holomorphic Quadratic Differentials
(7) Meromorphic Quadratic Differentials
(8) Thurston Norm

(9) Translate Surfaces

(10) Half-Translate Surfaces

(11) Flat Surfaces

(12) Riemann Surfaces

(13) Square-Tiled Surfaces

(14) Masur-Veech Volume

(15) Meanders

(16) Billiards

(17) Interval Exchange Transformations
(18) Teichmiiller Flow

(19) Strata of Abelian and Quadratic Differentials

(20) Research on surfaces and 3-manifolds by the Thurston School, etc.

The aforementioned geometric structures all belong to global geometric structures, which are closely
related to topology and defined globally on surfaces. In contrast, there are local geometric structures such

as Gaussian curvature and mean curvature, whose definitions are limited to local regions.

Currently, mathematics education and research in China are in full swing, with a large number of
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abstract mathematics courses and videos available online. For the concepts covered in our exhibition, as
well as more geometric topology concepts and theories, references can be made to the seminars and
short-term courses of the Tsinghua Yau Mathematical Sciences Center, and the academic lectures of the
Peking University Beijing International Center for Mathematical Research (BICMR) in China.
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4 Computational Discrete Global Geometric Structures

The core content of this national traveling art exhibition is "computational discrete Global Geometric
Structures"—an original research direction we proposed in 2022.
(1) Global Geometric Structures is a concept in mathematics.
(2) Discrete refers to the discretization of the manifold or fiber bundle where global geometric
structures reside.
(3) Computational means designing algorithms under the discretized framework to capture the
global properties of these global geometric structures.
The art exhibition primarily showcases concepts related to global geometric structures, rather than
content from computational geometry or local differential geometry — areas that audiences are already

relatively familiar with.
4.1 Global Geometric Structures

Before the 1930s, local differential geometry had been relatively well-researched, and many scholars
at that time believed that the research space in this field was quite limited. It was not until the 1940s that
the mathematical master Chern Shiing-shen opened up a brand-new field of "global geometry" through
groundbreaking works such as the proof of the Gauss-Bonnet theorem and the construction of Chern
classes. The core of this field is to establish a connection between local geometric information and global
topological properties, which can be regarded as a breakthrough development of the traditional local
classical differential geometry.

Gauss Henri Poincaré

his O
John Milnor Euler Raoul Bott Dennis Sul livan

(Figure 21: some topologists, )

In the following decades, through the deep research of many Fields Medalists such as Shing-Tung Yau,
Bill Thurston, Curtis McMullen, Maryam Mirzakhani and their colleagues in the mathematical community,
the cutting-edge geometric topology theories related to global geometry gradually matured. For example,
Professor Shing-Tung Yau used geometric analysis methods to prove the existence of the Calabi-Yau
global geometric structure, and Thurston achieved landmark results in the fields of foliation structures and
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the classification of three-dimensional manifolds.

Global geometry can be regarded as a more refined branch of topology. Based on topological research,
it focuses on the analysis of more precise geometric structures. Regarding the mathematicians who have
made pioneering contributions to topology.

Global Geometric Structures refer to geometric structures defined on various fiber bundles over a
manifold; these fiber bundles can be tangent bundles or other types of bundles. Mathematicians have
discovered and developed hundreds of different global geometric structures, such as vector fields,
differential 1-forms, holomorphic 1-forms, holomorphic quadratic differentials, meromorphic 1-forms, and
harmonic foliations. The core research direction in this field is to determine: whether a specific global
geometric structure exists on a given manifold or its fiber bundles, and what properties such a structure
possesses. Taking mathematicians like Shing-Tung Yau and Gang Tian as examples, they mainly use
partial differential equations (PDEs) and geometric analysis methods to study the existence of various
global geometric structures, including Calabi-Yau structures.

Unlike global geometric structures, local geometric structures (e.g., Gaussian curvature, mean
curvature) can be expressed through formulas or equations under a single coordinate system. In contrast,
global geometric structures—such as harmonic foliations— are defined over the entire manifold. Their
concepts and definitions cannot be described by a single equation; instead, they must be jointly represented
by different formulas and equations under multiple coordinate systems. These equations, belonging to
different coordinate systems, need to satisfy specific transformation rules, and the core information of the
global structure is precisely contained in the transformation relationships between these equations.

Each type of global geometric structure has a unique equation form and set of transformation rules.
Therefore, the research on global geometric structures involves developing various tools, methods, and
techniques to study these transformations, thereby deriving various properties of the geometric structures
that are globally related to the manifold’ s fiber bundles.

e X e
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(Figure 22: Guassian curvature and mean curvature, curvature numerical value are colored, generated
by meshDGP.)

A large portion of mathematicians’ work on various global geometric structures centers on proving
existence—that is, verifying whether a specific type of global geometric structure exists. Even if a global
geometric structure can be expressed by equations in a local coordinate system, it may not hold globally
across the entire fiber bundle.
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On the basis of proving existence, mathematicians then proceed to study the various properties and
characteristics of the global geometric structure. Many mathematicians have made significant contributions
to the research and development of global geometry, pioneering numerous new fields in the discipline.

4.2 Global Geometric Structures and Physical Constructions

Although global geometric structures possess the characteristic of globality, their definitions ultimately still
rely on local equations. However, if equations are constructed arbitrarily under a certain coordinate system,
they often fail to hold at the global level and thus lack research value.

An important way to derive meaningful equations is from observations of physical experiments.
Conclusions from physical experiments are objective realities already established by nature, which means
the corresponding equations themselves already have a foundation for validity—they have simply not yet
undergone systematic mathematical research. Therefore, such global geometric structures derived from
physical phenomena have actually been "verified" for their existence by nature. Even if they have not yet
been proven by mathematicians using rigorous mathematical methods, they are bound to hold significant
mathematical research value. Typical examples include the Dirac equation proposed by Dirac and the
general relativity equations established by Einstein.

In addition to global geometric structures defined by equations originating from physics, there are
also those rooted in mathematics itself, often in the form of conjectures. Examples include the Poincaré
conjecture and the Calabi conjecture. These conjectures are proposed largely because they are deemed
likely to be valid, and thus hold research value.

Bernhard Riemann Felix Klein Kunihiko Kodaira Shiing-shen Chern Shing-Tung Yau

Teichmiiller William Thurston Elie Cartan Hopf

(Figure 23: some mathmaticians of global geometry. )

Physics research relies on physical experiments, and conducting experiments requires substantial

external resources and conditions—such as experimental equipment—which are often difficult to satisfy
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easily. In contrast, for thousands of years since Euclid, mathematicians have used "abstract thinking" as
their core tool, freeing themselves from the constraints of external physical conditions and enabling them
to advance unburdened. This way of thinking, unshackled by reality, has driven humanity to create
numerous achievements in mathematical civilization that are only limited by the "boundaries of thinking";
some of these mathematical structures may not yet have manifested in nature.

Starting from abstract concepts, mathematicians can deduce new mathematical structures based on
existing ones, but it is no easy task to identify new structures that are truly valid — especially global
geometric structures. If an equation is constructed out of thin air, it will most likely fail to hold globally
across fiber bundles and thus naturally lack research value. Physicists, however, begin their research
directly with objective results already realized by nature; therefore, any new structure discovered in
physics is bound to have significant mathematical research value, as its existence has been verified through
physical experiments.

Once the equations and mathematical structures derived from physical experiments are thoroughly
studied by mathematicians, they can break free from the constraints of external conditions for physical
experiments. For instance, some physical experiments are difficult to conduct due to enormous investment,
but mathematicians can conduct comprehensive research on the relevant physical equations at almost zero
cost, draw "abstract" conclusions, and in turn feed these findings back to guide physical experiments.
Furthermore, even if there were no cost constraints on physical experiments and conclusions could be
obtained directly through a large number of experiments, it would still be necessary to use "abstract"
mathematical tools to conduct systematic research on them. Only in this way can we ensure that all
conclusions are consistent, rigorous, logical, and extensible—rather than remaining a simple accumulation
of scattered results.

We hold the view that: "Using abstract thinking as a tool to break free from the constraints of external
material conditions, and exploring new geometric structures worthy of research from the results of physical
experiments already constructed by nature—this precisely reflects the inherent power of mathematics and

the in-depth connection between mathematics and physics."
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4.3 Global Geometric Structures and Computability

Mathematical research in the field of global geometry has gradually developed since the 1950s.
Therefore, the diffusion of such mathematical theories from the mathematics community to the field of
engineering technology is still in progress, and most experts in engineering technology are not yet
sufficiently familiar with or proficient in these theories.

To apply the relevant theories to engineering technology, on the basis that the mathematics
community has already proven the existence of these global geometric structures, the engineering
community must realize the computation of these structures. Only when computational results are obtained
can they be further applied to various engineering and technical scenarios.

The development of local differential geometric structures in the past followed the same path: from
abstract theory to computable implementation, and then to industrial and technological application. The
only difference is that the mathematical theories of local geometric structures matured earlier; after

hundreds of years of development, a large number of mature computational methods have been formed.

Shing-Tung Yau Xianfeng Gu Feng Luo Steven J.Gortler Kennan Crane

Peter Schréder Ulrich Pinkallu Felix Knéppel Konrad Polthier Boris Springborn

(Figure 24: Some mathmaticians and computer scientists of computational global discrete

geometric structures, )

Around the year 2000, driven by their own research needs, some computer scientists began
collaborating with differential geometers and ventured into the field of computing global geometric
structures. These research efforts originally emerged from the mesh research direction in computer
graphics; after more than two decades of development, some global geometric structures have gradually
transitioned from abstract mathematical theories to methods capable of numerical computation, and have
further found applications in the industrial sector. The figure below showcases some scientists who have
contributed in various ways to the computabilization of global geometric structures.

When computing global geometric structures, computer graphics scientists primarily adopt the
approach of discretizing smooth surfaces into meshes, then designing algorithms on these meshes for

computation. The development of this field was initially driven and motivated by specific applications. For
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example, to study the application of mesh parameterization and flattening, Professors Xianfeng Gu
(Harvard University), Shing-Tung Yau, and Steven J. Gortler conducted research on the computable theory,
algorithm design, and code implementation of differential 1-forms (a type of global geometric structure)
around the 2000s (see Figure 15). Around 2010, Professor Keenan Crane from Carnegie Mellon University
(CMU) carried out similar work — focusing on the computable theory, algorithm design, and code
implementation of vector fields (another type of global geometric structure). Notably, the motivation
behind these computability studies of global geometric structures all originated from mesh processing
applications in the field of computer graphics.

In addition, other global geometric structures have also been successfully made computable by other
computer scientists in the computer graphics research community, such as frame fields, spinor structures
on surfaces, and conformal structures. It is worth noting that many computer scientists in this field have an
educational background or experience in mathematics — particularly in differential geometry and
topology—or they collaborate with differential geometers. This requires proficiency in both mesh-based

algorithms and code in computer graphics, as well as the contemporary theories of differential geometry.

4.4 Propose a New Research Field

Among various global geometric structures, foliations are a notable type. The diagrams drawn by
Thurston and Sullivan on the corridor walls of the Department of Mathematics at the University of
California, Berkeley, have been preserved for decades, inspiring generations of teachers and students to
research geometric topology. In the 1970s, Fields Medalist Thurston conducted in-depth research on

foliations and achieved significant progress.

On 2D surfaces, foliations yield intuitive visual results and can be understood as a set of parallel lines.
We carried out algorithmic research on foliations on 2D surfaces: building on the work of Professor Steven
J. Gortler from Harvard University and others, we designed a convergent algorithm for generating
harmonic foliations. Differential 1-forms can be regarded as a subset of harmonic foliations, while
harmonic foliations themselves represent an extension of differential 1-forms. If a set of horizontal
harmonic foliations is rotated by 90 degrees, a set of vertical harmonic foliations is obtained; combining
these two sets results in another related global geometric structure: holomorphic quadratic differentials.

Based on our research insights and practical experience in the fields of harmonic foliations and
super-structured quadrilateral meshes, as well as our analysis of relevant studies by other scholars, we have
proposed and established a new research direction: "computational discrete Global Geometric
Structures"—clearly defining its research scope, core content, and methodological system. The core of this
research lies in exploring algorithm design, code implementation, and industrial applications for various
"global geometric structures" developed by mathematicians, with a particular focus on those defined on 2D

surfaces.

Prior to this, although algorithms for certain "global geometric structures" (such as vector fields,
differential 1-forms, and frame fields) already existed, scholars mostly conducted research from different
perspectives and frameworks—such as computational conformal geometry and discrete exterior calculus.
Drawing on our own practice and judgments regarding the future development of the computational field
of differential geometry and topology, we believe these studies can all be unified under the new framework
of "computational discrete Global Geometric Structures" that we proposed. Specifically, with "the
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computability of global geometric structures" as the core guiding principle, this framework focuses on
algorithmic research for various "global geometric structures" and systematically conducts discretization

algorithm design.

The evolutionary path—Local Differential Geometry — Topology — Global Geometry — Global
Geometric Structures — computational discrete Global Geometric Structures—clearly demonstrates the
development trajectory of abstract mathematics gradually advancing toward industrial applications, and

more closely aligns with the inherent logic of the field’ s evolution.
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(Figure 25: A holomophic quadratic differential, generated by Geometric, )

Currently, global geometric structures are in the historical process of evolving from abstract theories
to computable implementations. The algorithmic research on computational discrete global geometric
structures is not a simple calculation of abstract global geometric structures; instead, it first requires
discretizing the manifold on which these structures depend, followed by algorithm design on the

discretized manifold.

The core goal is to preserve the global properties of global geometric structures (as they exist on
smooth manifolds) during the discretization process, rather than merely achieving local approximation.
This discretization process gives rise to new geometric objects and research tools. In fact, new tools and
methods developed based on the computabilization of some global geometric structures have successfully
solved many long-standing challenges in industrial technology. For example, the index counting technique
proposed by Professor Steven J. Gortler from Harvard University in his algorithmic research on differential
I-forms (a type of global geometric structure) was later applied to the field of rigidity, addressing

numerous technical problems in this area.

Among the global geometric structures studied by the mathematics community:
(1) Some can be naturally generated through physical processes in nature;
(2) Others can be artificially constructed using computer algorithms;

(3) A large number of structures, however, remain in the stage of abstract theory —they have neither

corresponding physical entities nor algorithmic constructions.

Nevertheless, with technological advancement, it is expected that the construction of these structures
will be realized in the future through innovations in physical materials or breakthroughs in algorithms.
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4 Visualization of Global Geometric Structures

When researching geometric topology theories, mathematicians have long created numerous hand-drawn
sketches to aid understanding. A notable example is the foliation diagram drawn in the 1970s by Fields
Medalist Bill Thurston (while he was a doctoral student) and Dennis Sullivan on the corridor walls of the
Department of Mathematics at the University of California, Berkeley. This hand-drawn work remained on
the corridor walls for decades, inspiring generations of teachers and students in their study of geometric
topology theories.

However, hand-drawn sketches suffer from inherent limitations: they cannot be flexibly adjusted in
terms of color, lighting, or viewing angle, and their quality heavily depends on the individual
mathematician’ s drawing skills.

By leveraging computer graphics rendering technology, we can achieve highly realistic visualization
effects. Furthermore, through programming software, we can rotate the models and observe the renderings
from a 360-degree perspective—achieving visual results that hand-drawn sketches could never match.

Although Thurston also carried out some academic popularization activities on computer-generated

visualizations of geometric topology theories in the 1980s, these efforts could not be scaled up to a wider
scope as they are today, due to the constraints of the technical conditions at that time.
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(Figure 26: A foliation, drawed by Thurston William and Dennis Sullivan, )

Secondly, computer graphics rendering technology is used to visualize the results of algorithmic
research, rather than directly drawing "abstract" mathematical formulas. This is a common
misunderstanding among researchers such as mathematicians who are not familiar with algorithm concepts
and rules when creating mathematical visualizations. Concepts and theories expressed through
mathematical formulas must first have their essential properties captured by algorithms, and only then can
the captured results be visualized. Particularly for global geometric structures — which cannot be
described by a single formula or equation—directly calculating formulas and equations fails to capture
their global properties. Therefore, the main factor restricting the development of geometric topology
concept visualization lies in the fact that "algorithmic" research cannot be accomplished overnight.
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Typically, in engineering and technical research, emphasis is often placed on parameters such as the
efficiency of algorithms or applications, with "visualization" treated merely as a byproduct. In contrast, we
propose that "visualization" should be regarded as a necessary condition and essential tool for researching
global geometric structures. This conclusion is derived from our own research experience: during the
algorithm design process, visualizing various geometric topology elements allows us to obtain feedback
through visual observation, which in turn facilitates algorithm optimization.

In the field of computability research on global geometric structures, the value of "visualization" —
enabled by computer graphics rendering technology — extends far beyond the visual presentation of
research results. The entire process, from algorithm conceptualization and design, to code writing and
implementation, and finally to program debugging and optimization, is inseparable from visualization
technology ’ s intuitive presentation of various elements on discrete manifolds. This paper specifically
emphasizes this point, aiming to urge the research community to attach greater importance to visualization
technology, thereby promoting in-depth progress in the research of various computational discrete global

geometric structures.

Research on the visualization of global geometric structures is of crucial importance. The exploration
of algorithms for any type of global geometric structure cannot be achieved in one step; each structure
requires new ideas and tools for algorithm design. Therefore, before a mature algorithm is developed,
approximate "visualization" technology can be used to generate visual representations. Although such
visualizations may lack global consistency and fail to satisfy the global properties of the structure, they are
still based on calculation results from local formulas and equations. As a result, they can roughly reflect the
characteristics and laws of the global geometric structure at the visual level, thereby providing inspiration

for research.

A typical example is the visualization of holomorphic quadratic differentials: what is presented is a
product of "visualization" rather than an accurate representation that strictly satisfies the global properties
of holomorphic quadratic differentials. The reason is as follows: while there exists an algorithm that
ensures the global properties of the component parts of holomorphic quadratic differentials (i.e., horizontal
harmonic foliations), the parts obtained by rotating these foliations by 90 degrees remain approximate
results. The combination of the two only forms a visually approximate presentation, not an approximate

solution in the mathematical sense.
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(Figure 27: Several renderings of a bunny mesh, generated by Geometric, )

The results of algorithmic research can also be presented through various rendering effects, as shown
in Figures 27 and 28—effects that cannot be achieved through hand-drawn methods.

(Figure 28: Several renderings of a Ribbon graph, generated by Geometric, )

26



5 Algorithm vs. Computation

In the new research field of "computational discrete Global Geometric Structures" proposed by us, the
core of "computability" lies in "algorithms," rather than simple "formula application" or "theory

application"—that is, it is not about inputting a formula and performing numerical calculations on it.

For many local geometric structures, it is indeed feasible to perform calculations by inputting formulas and
using computers for approximate estimation. However, "global geometric structures" are different:
although local formulas exist for them, their global definition requires constructing relationships through
transformations between multiple formulas. A single local formula or equation cannot fully define a global
geometric structure. Therefore, the approach of directly calculating by inputting formulas or equations into
a computer fails to yield results with "globality."

We specifically emphasize this point in a separate section for the following reason: most experts in
engineering and technology are accustomed to the idea that mathematics mostly involves completing
calculations through approximation methods (e.g., truncating the first few terms of a Taylor expansion and
using a computer to obtain results). In other words, they are more familiar with the mindset of "inputting a
formula or equation, then calculating directly via manual computation or software," and have less exposure
to calculation methods centered on "algorithms." Additionally, most technologies in this field involve local
geometry, where results can be obtained through such "calculation" methods—this has further solidified
the perception of experts in related fields. However, technologies that can be solved solely by relying on
local calculations are already relatively mature.

This perception gap is particularly prominent in practice: many experts in this area consider the
research focus to be on "formulas and equations," with subsequent calculations being mere afterthoughts.
In contrast, our view is that the key to research lies in "algorithms," and the preceding formulas and
equations all serve the algorithm. In short, we need to design "algorithms" to capture the global properties
of global geometric structures, rather than relying on local formulas within global geometric structures for
calculations. The latter will lead to the loss of global properties due to calculation errors, ultimately failing
to truly obtain the global geometric structure—and thus providing no help in solving engineering and

technical problems using global geometric structures, as we propose.

Currently, the inherent perception of relying on local calculations is relatively widespread, stemming
from the fact that the application of global geometric structures in industrial fields has been relatively
limited in the past. As the research field of "computational discrete Global Geometric Structures" we
proposed becomes more widespread, the essential distinction between "algorithms" and "calculations" will
undoubtedly gain broader recognition.

27



6 The Beauty of Global Geometric Structures vs. The Beauty of Mathematics

To popularize mathematical knowledge, many scholars and experts have delivered lectures and
presentations on topics such as the beauty of mathematics, geometric art, mathematics and beauty, and
science and art. The goal is to use art and beauty—concepts that everyone can understand and perceive—to
help audiences indirectly gain a preliminary understanding and sense of abstract, hard-to-comprehend
mathematical concepts.

These presentations’  interpretations of "mathematics and beauty" generally fall into three categories:

(1) Perceiving beauty "spiritually and mentally" only after understanding profound mathematical and
geometric theories

The logic of such presentations is to inspire audiences to learn abstract mathematics, with the promise
that they will be able to perceive beauty once they have mastered the subject. However, they fail to address
a key challenge: how to let audiences first develop an intuitive visual perception of beauty — before
understanding the relevant mathematical concepts—and then be drawn to learn those concepts afterward.

(2) Perceiving visual beauty through the external "shapes" of certain geometries placed in 3D space

Many mathematical concepts in local geometry have intuitive shapes that can be visually observed,
such as the Mdbius strip. Audiences can learn about these geometric concepts by viewing sculptures,
images, or other works that directly correspond to such shapes.

Because this type of "mathematical beauty" is accessible through intuitive shapes, it has become quite
common in popular science. Many mathematics departments now have related sculptures: for example, the
Umbilic Torus sculpture at the Department of Mathematics of Stony Brook University (New York), and the
Calabi-Yau sculpture in the square in front of the Shanghai Institute for Mathematics and Interdisciplinary
Sciences.

(3) Perceiving mathematical beauty through natural phenomena that conform to mathematical
theorems

A third category involves natural phenomena — such as plant growth — that follow specific
mathematical theorems. Audiences perceive mathematical beauty through observing these phenomena, as
they witness how abstract mathematical rules manifest in the real world.

(Figure 29: Calabi-yau picture, generated by meshDGP, )
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However, the geometric beauty presented in our national touring art exhibition differs from the three
categories mentioned above. What makes our exhibition unique is that it does not focus on geometric
"shapes" in 3D space, but rather on intrinsic "geometric structures" on surfaces — such as harmonic
foliations, ribbon graphs, differential 1-forms, and Calabi flows. These are not natural shapes and have no
inherent visual appearance; they can only be captured through computer algorithms and then mapped into
visually perceivable effects.

The transformation of the beauty of intrinsic global geometric structures into visual form via
computer graphics technology represents an innovation at the intersection of computer graphics, algorithm
design, and geometric topology theory. This approach can attract more teachers and students to learn about
and research these intrinsic cutting-edge geometric topology theories, as well as their applications in
industrial technology—thereby enabling art to serve as a "powerful tool for promoting the research and
application of geometric topology theories."

To our knowledge, this type of touring exhibition featuring "intrinsic global geometric structures" is
the first of its kind, both domestically and internationally.
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7 Participating universities and research institutions

The research direction of computational discrete Global Geometric Structures is not limited to studies
in mathematics; it mainly targets research on applied geometry in computer science and other science and
engineering fields. However, frontiers of differential geometric topology theories related to "global
geometric structures" are rarely accessible to teachers and students of non-mathematics majors. Talents
who understand and master these theories while being able to apply them in algorithm design are
extremely scarce.

Although the geometric topology theories developed by mathematicians over the past decades have
been gradually penetrating into engineering fields and applied in research practices, this interdisciplinary
integration process is still in a stage of continuous development. Nevertheless, due to the high abstraction
of these theories, teachers and students of non-mathematics majors often need a strong learning motivation
to conduct in-depth exploration. The art form, however, can effectively stimulate the interest in learning
and research among this group.

Based on the author’ s achievements in algorithm design in the application field of geometric topology
theories, and with the help of rendering technology in computer graphics, these abstract geometric
topology concepts and theories have been transformed into visual presentations. On this basis, in 2024, the
author launched the Global Touring Art Exhibition of computational discrete Global Geometric Structures

which has so far been held at more than ten universities and research institutions across the country,
including:

(1) Zhongyuan University of Technology,

(2) Changchun Institute of Optics, Fine Mechanics and Physics, Chinese Academy of Sciences,
(3) North China Electric Power University.

(4) Henan University.

(5)Xihua University,

(6) Renmin University of China

(7) South-Central Minzu University.

(8) Tianjin Chengjian University,
(9)Taiyuan University of Technology,

(10)High Magnetic Field Science Center, Hefei Institutes of Physical Science, Chinese Academy of

Sciences

(11) Jiangxi University of Science and Technology.
(12) Dali Li Zhengdao Science and Art Center.
The national touring art exhibition is not yet concluded, and dozens of more universities will host the

exhibition in the follow-up.

The images exhibited cover geometric topology concepts such as Ribbon-graph, Square-Tiling,
harmonic foliations, holomorphic quadratic differentials, meromorphic quadratic differentials, differential
1-forms, discrete Calabi flow, and normal flow.

During the exhibition, teachers and students from many universities feedback that this art exhibition
has pioneered a new paradigm of "intrinsic geometric structure art" and serves as an innovative bridge
connecting cutting-edge mathematical theories with public aesthetics. For the first time, the exhibition has
systematically presented the intrinsic structures of surfaces that are difficult to perceive intuitively,
transforming abstract theories such as holomorphic differentials and harmonic foliations into digital
paintings with vivid colors, thus turning them from theoretical symbols into tangible visual entities.

Through this exhibition, the audience not only developed a strong sense of curiosity and desire for
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exploration but also truly felt the infinite charm generated by the interdisciplinary integration of
mathematics and computer science. After visiting the exhibition, many teachers and students went to the
library to look up relevant materials and learn about the mathematical concepts illustrated in the exhibition.
Unconsciously, they developed an interest in these cutting-edge geometric topology theories.

Following the art exhibition, institutions including the School of Science of Tianjin Chengjian

University and theSchool of Science of Jiangxi University of Science and Technology were still eager for

more; they made full sets of reproductions of all over 50 artworks in the exhibition for collection and have
launched long-term exhibitions on their campuses.

Compared with common exhibitions themed "Beauty of Mathematics" or "Geometric Art", this
National Touring Art Exhibition has significant differences in both the core geometric and mathematical
theories it presents and the external forms of presentation. Its core content lies in the "global geometric
structures" generated through computer graphics technology and algorithms, and these geometric artworks
are closely associated with applications in "chokepoint" fields such as industrial software, with the
potential to solve relevant technical problems—which is exactly the unique value and innovative feature
that previous lectures and exhibitions themed "Beauty of Mathematics" lack.

Although American mathematicians such as Thurston have popularized cutting-edge geometric
theories and concepts through art forms, they were limited by the rendering technology available at that
time and could hardly achieve the visual aesthetics supported by modern computer graphics. In addition,
the fact that this exhibition is held as a national tour with the spontaneous participation of university
teachers is an innovative attempt in itself.

Many teachers and students who came into contact with these differential geometric topology theories
for the first time have summarized a large number of accurate insights and views on global geometric
structures and computational research based on their own understanding, which has achieved the purpose
of holding the exhibition.

Some teachers engaged in the research of these geometric topology theories also stated that the visual
presentation is very helpful for their research work, as it can bring new perspectives and insights.

A number of schools have published graphic reports on the exhibition, including:

(1) Henan University

(2) Renmin University of China

(3) Tianjin Chengjian University,

(4) Taiyuan University of Technology,

(5) High Magnetic Field Science Center, Hefei Institutes of Physical Science, Chinese Academy of

Sciences

(6) Jiangxi University of Science and Technology.

Some schools have integrated the exhibition with other mathematical activities, achieving even better

results. For example:
The 8th exchange and discussion activity of "RUC Mathematics Time I" was held;
The 8th Session of "RUC Mathematics Time [" — Geometric Structures: Theory, Algorithms and

Visualization.

Another example of integration with topological materials:
The first science-art integrated art exhibition of Dali Li Zhengdao Science and Art Center opened at

Taibao Home Dali Community.
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10 Mesh, Global Geometric Structures, Art Seminar

At the 10th stop of the National Touring Art Exhibition, hosted by the High Magnetic Field Science
Center of the Hefei Institutes of Physical Science, Chinese Academy of Sciences, the 8th Grid Roundtable
was simultaneously held—a symposium themed "Mesh+ Global Geometric Structures + Art". Relevant

scholars were invited to discuss topics including "grids and art" and "global geometric structures and art".
The innovative theme of this symposium has greatly promoted research and interest in grid processing and
grid generation, as well as advancements in work related to global geometric structures and topological
materials.

For interdisciplinary collaborations involving abstract mathematical theories (such as geometric
topology), physical materials, and computer algorithms—when sufficient external conditions are lacking—
art can serve as a catalyst to initiate direct exchanges among scholars from multiple disciplines. As these
exchanges gradually deepen, approaches and methods for multi-disciplinary collaboration will be gradually
developed. Typically, different disciplines have their own independent systems in terms of values, work
methods, behavioral logic, and tools used, with little overlap between them. However, art is a form that all
disciplines can recognize and accept, and a medium through which scholars from diverse fields can find a
common language.

Through the National Touring Art Exhibition of Global Geometric Structures we organized, scholars
from various disciplines have been able to gather together for preliminary interdisciplinary exchanges—

laying the foundation for further interdisciplinary research.

ZN\BFIBHEESY
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(Figure 92: Poster of the 8th Mesh SquareTable.)
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11 The Role of Art Exhibitions in Industrial Software Technology

The National Touring Art Exhibition of computational discrete Global Geometric Structures goes
beyond mere artistic presentation and aesthetic appreciation; instead, it leverages artistic expression to
drive the development of relevant engineering technologies. For instance, the geometric topology theories
showcased in the exhibition can be applied to address certain challenges currently faced by
CAD/CAE/CAM industrial software technologies.

Since 2018, the China Association for Science and Technology (CAST) has continuously organized
initiatives to collect and release major scientific and technological challenges. The main forum of the 27th
CAST Annual Conference was held in Beijing on July 6, 2025, where major scientific issues, engineering
and technical challenges, and industrial technology problems for 2025 were announced. Among these, the
first of CAST’ s Top 10 Engineering and Technical Challenges is titled "Integrated Algorithms and
Theories for Design-Simulation-Manufacturing of Complex Models", which states:

"Breakthroughs and international leadership in China’ s basic industrial software depend on original
innovation and guidance from mathematical theories, requiring systematic and forward-looking
comprehensive research layouts. China’ s CAD/CAE/CAM software development now faces a critical
opportunity to catch up with foreign industrial software—this stems from several pain points encountered
by international mainstream industrial software in traditional geometric representation and simulation. The
geometric kernels of international CAD software took shape in the 1970s and 1980s; over time, entire
CAD systems have become extremely complex and cumbersome, making it impossible to replace their
underlying data structures and kernels. Consequently, these pain points remain unsolved. As global design
and R&D software stands at a historical juncture of upgrading and replacement, it is entirely feasible for
China to achieve ‘corner overtaking’ (a leapfrog advance) over foreign software by addressing these pain
points, developing next-generation integrated CAD/CAE geometric kernels, and leveraging the rapid
development of China’ s intelligent manufacturing."

This challenge encompasses multiple dimensions, including the application of mathematical theories,
software engineering management, software architecture design, algorithm design, theoretical analysis,
problem-solving, code development, engineering collaboration, theory popularization, programming tools,
interdisciplinary research, and talent cultivation. We propose a series of innovative approaches that differ
from current mainstream perspectives, based on the application of cutting-edge geometric topology
theories such as global geometric structures. By overcoming this challenge, we aim to promote the
seamless integration of elements including education, scientific research, art, software, code, programming,
engineering, science popularization, algorithms, interaction, communication, geometric topology theories,
applied mathematics, numerical computation, and solvers—rather than striving solely to achieve the single
goal of solving the challenge itself. This approach avoids falling into the "Five-Only" work orientation
(over-reliance on academic papers, projects, and other narrow metrics).

The current research status of the engineering and technical challenge "Integrated Algorithms and
Theories for Design-Simulation-Manufacturing of Complex Models" is as follows: the specific
mathematical theories required to overcome this challenge have not yet been clearly identified. This is
distinct from a phase where "the necessary theories are known, and only their research and application are
needed." The academic community is currently in an exploratory stage where this core prerequisite
remains "unclear." Therefore, our proposal that breakthroughs in this challenge must rely on geometric
topology theories related to "global geometric structures" constitutes our primary contribution to solving
this engineering and technical challenge.

A brief overview of the solutions and roadmap proposed in this paper is as follows:
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We propose that the mathematical theories required for this engineering and technical challenge are
cutting-edge geometric topology theories related to global geometric structures—rather than theories
already maturely applied in CAD/CAE/CAM industrial software, such as computational geometry
and local differential geometry.

We note that the "geometric kernels" (geometric engines) in current industrial software are primarily
based on computational geometry theories and technologies, while "mesh engines" are mainly built on
local differential geometry theories and technologies.

The pain points caused by "geometric kernels" and "mesh engines" in current international
mainstream industrial software—such as issues in isogeometric analysis, spline surface generation,
hexahedral mesh generation, T-splines, and finite element computation—cannot be resolved within
the framework of existing "geometric kernels." Instead, they require a next-generation "global
geometric mesh engine" for solutions.

Specifically, we propose the concept of super-structured quadrilateral meshes with controllable global
structural arrangement, based on the application of these cutting-edge geometric topology theories.
We further suggest that super-structured quadrilaterals serve as the core to address the aforementioned
pain points in CAST’ s engineering and technical challenge.

We put forward a next-generation CAD/CAE/CAM industrial software architecture design centered
on super-structured quadrilaterals, which emphasizes the equal importance of a new "global geometric

nn

mesh engine,”" "geometric kernel," and "mesh engine." This design aims to enable China’ s domestic
software to achieve corner overtaking over foreign software.

We will accumulate experience for systematic and forward-looking comprehensive research layouts
through initiatives including the open-source meshDGP code, the Joint Research Center for
Super-Structured Quadrilateral Meshes, the Grid Roundtable series conferences, study sessions, and
academic exchange activities focused on computational discrete global geometric structures.

Taking the solution to this CAST engineering and technical challenge as a driving force, we will
advance the interdisciplinary integration and development of multiple fields— including teaching,
research, application, science popularization, art, visualization, and communication—in disciplines
such as geometric topology theory and application, mesh algorithm design, industrial software
development, and mechanical analysis.

69



(Figure 93: Left: Unstructured triangular mesh; Right: Structured quadrilateral mesh. Created with
Geometric.)

Building on the conventional classification systems of structured quadrilateral meshes (Structured
Quad Mesh) and regularized quadrilateral meshes, we proposed the new concept of "super-structured
quadrilateral meshes (Super Structured Quad Mesh)" with "controllable and designable global quadrilateral
arrangement structures" in 2023, and defined its research direction, scope, and core content.

In both academia and industry, mesh generation is generally categorized into three types: unstructured
meshes (as shown in the left panel of Figure 22), structured meshes (as shown in the right panel of Figure
22), and hybrid meshes.

Unstructured meshes: Meshes where the surface is composed of triangular elements and the interior is
filled with tetrahedral elements.

Structured meshes: Meshes where both the surface and interior are fully filled with quadrilateral
elements (surface) and hexahedral elements (interior), respectively.

Hybrid meshes: Meshes composed of a mix of surface elements (e.g., triangles, quadrilaterals,
pentagons) and volume elements (e.g., tetrahedrons, hexahedrons).

Structured mesh generation can be further subdivided into four categories: Regular, Semi-Regular,
Valence Semi-Regular, and Irregular. However, this subdivision lacks clear and rigorous criteria and is
usually roughly defined based on the number of "blocks" (divided regions) in the mesh. Generally, fewer
blocks indicate higher mesh regularity. This means that there is currently no algorithm to quantitatively
determine the regularity (regular or irregular) of a given structured mesh; in practice, the optimization goal

is often "minimizing the number of blocks."

Super-structured quadrilateral meshes—part of the cutting-edge geometric topology theories applied
in our proposed solution to the aforementioned challenge—are featured in the exhibits of this national

touring art exhibition.
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The research direction of super-structured quadrilateral meshes also helps address several pain points
in the engineering and technical challenge of '"Integrated Algorithms and Theories for
Design-Simulation-Manufacturing of Complex Models", including isogeometric analysis, spline surface

generation, hexahedral mesh generation, T-spline generation, and surface intersection computation.

Currently, scholars in the research field of CAD/CAE/CAM industrial software technology mainly
come from disciplines such as mechanics, mechanical engineering, and computer science. Few experts and
scholars in these disciplines have a grasp of cutting-edge geometric topology theories such as "global
geometric structures." Even within the mathematics discipline, the number of scholars who master these
theories is limited. Furthermore, scholars who can apply these cutting-edge geometric topology theories—
especially in the context of CAD/CAE/CAM industrial software — are even scarcer. The shortage of
interdisciplinary talents proficient in applying geometric topology theories is one of the reasons why this
engineering technology has become a pressing challenge.

Therefore, through this national touring art exhibition, teachers and students can gain a better
understanding of these mathematical theories, thereby cultivating talents for solving industrial software
technology challenges.

71



12

()

()

(€)

4)

©)

(6)

™)

®)

)

The Significance of the Art Exhibition

Building on the conventional classification systems of structured quadrilateral meshes (Structured
Quad Mesh) and regularized quadrilateral meshes, we proposed the new concept of "super-structured
quadrilateral meshes (Super Structured Quad Mesh)" with "controllable and designable global
quadrilateral arrangement structures" in 2023, and defined its research direction, scope, and core
content.

In both academia and industry, mesh generation is generally categorized into three types: unstructured
meshes (as shown in the left panel of Figure 22), structured meshes (as shown in the right panel of
Figure 22), and hybrid meshes.

Unstructured meshes: Meshes where the surface is composed of triangular elements and the interior is
filled with tetrahedral elements.

Structured meshes: Meshes where both the surface and interior are fully filled with quadrilateral
elements (surface) and hexahedral elements (interior), respectively.

Hybrid meshes: Meshes composed of a mix of surface elements (e.g., triangles, quadrilaterals,
pentagons) and volume elements (e.g., tetrahedrons, hexahedrons).

Structured mesh generation can be further subdivided into four categories: Regular, Semi-Regular,
Valence Semi-Regular, and Irregular. However, this subdivision lacks clear and rigorous criteria and is
usually roughly defined based on the number of "blocks" (divided regions) in the mesh. Generally,
fewer blocks indicate higher mesh regularity. This means that there is currently no algorithm to
quantitatively determine the regularity (regular or irregular) of a given structured mesh; in practice,
the optimization goal is often "minimizing the number of blocks."

Super-structured quadrilateral meshes—part of the cutting-edge geometric topology theories applied
in our proposed solution to the aforementioned challenge—are featured in the exhibits of this national
touring art exhibition.

The research direction of super-structured quadrilateral meshes also helps address several pain points
in the engineering and technical challenge of "Integrated Algorithms and Theories for
Design-Simulation-Manufacturing of Complex Models", including isogeometric analysis, spline
surface generation, hexahedral mesh generation, T-spline generation, and surface intersection
computation.

Currently, scholars in the research field of CAD/CAE/CAM industrial software technology mainly
come from disciplines such as mechanics, mechanical engineering, and computer science. Few
experts and scholars in these disciplines have a grasp of cutting-edge geometric topology theories
such as "global geometric structures." Even within the mathematics discipline, the number of scholars
who master these theories is limited. Furthermore, scholars who can apply these cutting-edge
geometric topology theories—especially in the context of CAD/CAE/CAM industrial software—are
even scarcer. The shortage of interdisciplinary talents proficient in applying geometric topology
theories is one of the reasons why this engineering technology has become a pressing challenge.

(10) Therefore, through this national touring art exhibition, teachers and students can gain a better

understanding of these mathematical theories, thereby cultivating talents for solving industrial
software technology challenges.
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13 The Technology for Art Exhibition
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